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I construct a class of single small field models of inflation that can predict an observable grav- 
itational wave signal in the cosmic microwave background anisotropoies, contrary to popular 
wisdom. The spectral index, its running, the tensor to scalar ratio and the number of e-folds 
can cover all the parameter space currently allowed by cosmological observations. A unique 
feature of models in this class is their ability to predict a negative spectral index running in 
accordance with recent cosmic microwave background observations. I comment on the new 
class of models from an effective field theory perspective and show that if the dimension- 
less trilinear coupling is small, as required for consistency, then the observed spectral index 
running implies a high scale of inflation and hence an observable gravitational wave signal. 



1 The Model, Notations and Observables 

Consider a single canonically normalized scalar field slowly rolling down the potential for 60 e- 
folds. The potential comes from some underlying particle theory and is Taylor expanded around 
the CMB point. The potential and number of e-folds are: 
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where the field distance is measured in the reduced Planck mass M p = 1 and all couplings are 

dimensionless. Lets use the regular slow-roll parameters, e = | (it) > V = an d £ 2 = V y¥ ■ 
Without loss of generality, the CMB point is taken at the origin. If the running a is large enough 
it affects the spectral index which is calculated as follows: 
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where C = —2 + In 2 + 7, 7 being the Euler constant. The tensor to scalar ratio and running are 
unaffected at this level and are given by the "usual" r = 16e and a = — Werj + 24e 2 + 2£ 2 . ro, f?o 
and an are the desired CMB observables. Parameters 04 and 05 determine the end of inflation 
and the number of e-folds. 



"This is a contribution to the proceedings of "Windows to the Universe - Blois 2009". A more elaborate 
discussion can be found in^. 



Figure 1: A graph of y/2e = |V'/V| (left) and V (right) for a small field canonical SUGRA model (blue), a 
large field model (green) and a model of the new class with non-monotonic e (red). The new model interpolates 
between the two others. 4>cmb and 4>end are marked by the filled circles on the right panel. The large field 
model is offset V — > V — 1.5. Additionally, to demonstrate the similarity between the small field model (blue) 
and the new model (red), a symmetric example is shown, i.e. 05 = 0, a§ = 0.3911. The CMB observables are 

n a = 1.03, r = 0.2, a = -0.07. 

1.1 Small Field Models and Lyth Theorem 

The difference between small versus large field models is the distance the field traverses during 
the 60 e-folds of observable inflation. In small field models the field rolls a distance of about 
lM p , while in large field models the distance is usually more than 10M p . Small field models 
have several virtues: They are usually simple. No functional tuning is needed. They are easier 
to accommodate in string theory and do not depend sharply on initial conditions. 

According to Lyth's theorem, r ~ 8(Ac/)/Ncmb) 2 < 10 -2 for s mall field models, thus render- 
ing r undetectable. I show that, contrary to popular wisdorJ3^, interesting small field models 
can predict observable GW and observable negative running. These predictions are related to 
the fact that the rate of change of the Hubble parameter during the era when most e-folds were 
accumulated can be smaller than its value at the CMB point, thus evading Lyth's theorem. 

The theorem assumes that e is monotonia This is not necessary. As seen in Figure 1, 
allowing e to vary enables acquiring many e-folds away from the CMB point, thus yielding a 
large r at the CMB point while traveling only a short distance in field space. Usually, this 
causes other observables such as running to be large, or give insufficient number of e-folds and 
the higher order parameters constrain them to fit observations. This also explains why in large 
field models the field travels 10M P to achieve detectable r, while from the theorem 2 — 3M P seem 
enough. The new class of models interpolates between large and small field behavior as seen in 
Figure 1 and produces a variety of observables as demonstrated in Table 1 and Figure 2. 

2 Results and Discussion 

As can be seen from Table 1 and the Figure 2, all parameter space allowed by WMAP5+QUaD 
i s covered by the new class of models. The ability to incorporate running of the spectral 
index is unique. It is also clear from Figure 2 that the running a is a better discriminator of 
models, than r or n s . This is important since the QUaD experiment reported a 2a detection of 
negative spectral index running with central value^ a = —0.05, as can be seen from Figure 2. 

Moreover, applying effective field theory (EFT) techniques to assess the theoretical validity of 
models yields a non-trivial connection between a and r and hence the scale of inflation. Consider 
a potential V{4>) = A 4 (l + J2n^n(4'/M p ) n ). In our notations, for example A2 = ?7o/2 etc. As 
analyzed in®, A3 <C 1 for a consistent EFT. This gives the following connection between a and 
r: a ~ 2£ 2 = 2 V V Y . Since ^7- = 3! A3 and since y- = \/r/8 one obtains r = 2(a/(3!As)) 2 . 

Let us now define ro.01 = r/0.01 and ao.05 = |a|/0.05 and A3 = 3! A3. Then ro.01 = -5 «o.05^3 2 - 
Imposing the condition that the validity of the EFT implies A3 -C 1, leads to a lower bound 
on the GW strength ro.01 > -5 chqoS' which implies that if the value of the running is the 
one observed by QUaD then one should expect an observable r. Similarly, using the standard 



Table 1: The values of the potential parameters, the range of inflaton motion after 50 and 60 e-folds and the 
values of the CMB observables assuming that Nqmb = 60. The models appearing in Fig. are marked with an 
asterisk. The last two models are renormalizable models with as = 0. 
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Figure 2: Model predictions for the eight models of Table Q] for various CMB observables on the background of 
the QUaD analysis of their CMB allowed region. The center and right panels show r vs. n s and a — dn 3 /dlnk 
(respectively). The left panel shows a vs. n s . The pink and blue rectangles depict the regions of parameter space 

that traditional models occupy. 

estimate A ~ 1 x 10 16 GeV(r . i) 1/4 one obtains A ~ 8.5 x 10 15 GeV(Q .o5) 1/2 A 3 _1/2 which leads 
to a lower bound on the scale of inflation A > 8.5 x 10 15 GeV(ao.o5) 1 ^ 2 - 

In brief, small field models can exhibit a variety of detectable phenomena: GW, running, 
and blue/red spectral index. Any set of observables can be obtained from minimal potentials, 
hence reconstruction is impossible and identifying the inflaton will require additional knowledge 
about its interactions. 
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